In this article, we study the emergence of polarization singularities in the scattered fields of optical resonators excited by linearly polarized plane waves. First, we prove analytically that combinations of isotropic electric and magnetic dipoles can sustain L surfaces, and C lines that propagate from the near-field to the far field. Moreover, based on these analytical results, we derive anomalous scattering Kerker conditions trough singular optics arguments. Secondly, through exact full-field calculations, we demonstrate that high refractive index spherical resonators present such topologically protected features. Furthermore, we calculate the polarization structure of light around the generated C lines, unveiling a Möbius strip structure in the main axis of the polarization ellipse. These results prove that high-index nanoparticles are excellent candidates for the generation and control of polarization singularities and that they may lead to new platforms for the experimental study of the topology of light fields around optical antennas.
Mathematical singularities may be defined as points where the value of a function in not defined or is not well behaved. In physics, singularities arise whenever a mathematical formalism fails at describing some particular physical phenomenon. Often, these singularities drop hints on interesting phenomena happening in a particular physical process. Singularities in wave physics have been studied since 1830 in different kinds of waves (for a good overview, see 1 ). In wave optics, two general types of singularities have been identified and studied. 2 In certain situations, the polarization of light is uniform throughout space and thus, light can be mathematically described as a position dependent complex scalar wave multiplied by a constant polarization vector. In these situations, singularities arise whenever the amplitude of the wave is zero. In such cases, even though the amplitude of the wave si well defined, its phase cannot be unambiguously determined. These singularities receive the name of Phase singularities. Around these singularities, the phase of the scalar field varies gradually from 0 to 2πq, where q is an integer (positive or negative) named the topological charge of the singularity. These phase singularities, also known as nodal lines or vortices, have been widely studied in the recent past due to their ability to carry orbital angular momentum in their vicinity. 3, 4 Nevertheless, in most situations, light presents a spatially varying polarization structure and the vectorial nature of electromagnetic fields cannot be disregarded. In these situations, optical vortices occur very rearly since all of the three field components need to be exactly zero in order to have a real singularity. Over a frequency cycle, the real part of the complex vector draws an ellipse (the polarization ellipse) and, as we proceed to detail, singularities arise as Polarization Singularities either when light is circularly polarized or linearly polarized. Following the formalism introduced Figure 1 : Polarization ellipse traced by an arbitrary electric field as a function of time (t). Green arrows represent the cartesian coordinates, α and β the major and minor axes of the polarization ellipse and N its surface normal.
where E = E xx + E yŷ + E zẑ is the complex electric field vector, ℜ(·) and ℑ(·) represent the real and imaginary parts of a complex function and the polarization scalar ϕ = E · E = E x E x + E y E y + E z E z .
If light is linearly polarized, the polarization ellipse collapses to a line and it is not possible to define a unique vector which is normal to the polarization ellipse. In those situations, |N| = 0. In three dimensions, the spatial positions where this condition is fulfilled arrange in surfaces, named L surfaces.
On the other hand, when light is circularly polarized, the major and minor axes of polarization cannot be unambiguously determined, and both α and β vectors become identically zero. Since ϕ is a complex scalar function, its vanishing requires both its real and the imaginary parts to be zero.
Thus, in 3D space, the points of circular polarization form lines (C lines). On the other hand, as in scalar optical vortices, the phase of ϕ around any zero spans all the possible values from 0 to 2πl, l being the topological charge of the singularity. Around any small closed curve surrounding a C line, the major and minor axes of the polarization ellipse generate a multi twist ribbon with l half twists. 6, 7 Thus, as it was recently experimentally demonstrated, 8 for l = 1, both α and β form a Möbius strip around any small closed path arund a C line.
Since the seminal contributions by Nye 9-11 polarization singularities in optical fields have been studied extensively for their intrinsic theoretical interest. C lines and L surfaces have been identified in contexts as disparate as the skylight, 12 speckle fields, 13, 14 tightly focused beams, 15, 16 crystal optics, 17 photonic crystals 18, 19 and plasmonic systems. 20, 21 Nevertheless, experimental applications of such topological features remained elusive until very recently. In the recent past, polarization singularities have proved to be useful in quantum information applications. 22, 23 In this paper, we explore the possibility of creating such polarization singularities in optical antennas illuminated by linearly polarized light. We prove that systems presenting a simultaneous isotropic electric and a magnetic polarizability (α e and α m respectively) are among the simplest nanostructures capable of sustaining C lines and L surfaces. Moreover, we prove the anomalous scattering Kerker conditions based on singular optics arguments alone. We verify our ideas by performing full field simulations on the optical response of a high index dielectric nanosphere iluminated by a linearly polarized planewave. We track the C lines generated by a Si nanoparticle over all the radiation regions and unveil the Möbius strip structure of the main axis of the polarization ellipse around them.
Results and Discussion
Dielectric nanoantennas made of materials with a high index of refraction have been intensely studied in the recent past due to their ability to sustain lossless electric and magnetic resonances in the visible and IR parts of the spectrum. 24 On the one hand, their lossless character has proved crucial in the fabrication of metamaterials and metasurfaces not limited by ohmic losses. [24] [25] [26] On the other hand, the combination of electric and magnetic dipolar responses allows for an additional degree of freedom in the manipulation of light that has proved instrumental in surface enhanced chiral spectroscopy, 27 and in shaping the radiation properties of optical antennas. 28, 29 In this ar- Let us start by considering the far field radiation characteristics of an electric dipole. Excited by linearly polarized light (E inc = E 0x , H inc = H 0ŷ ), the induced electric dipolar moment can be expressed as p = ε 0 α e E inc = E 0 ε 0 α ex , ε 0 being the vacuum permittivity and α e the electric dipolar polarizability The far field scattering of such dipolar moment is given by:
where G e is the electric Green's tensor in the far field approximation and k is the wavenumber of light in vacuum. r = |r − r 0 | is the distance between the position of the dipole (r 0 ) and the observation point r, and n = n xx + n yŷ + n zẑ is the unit vector in the direction of r − r 0 . Figure 2a plots the far field electric field amplitude (|E ED scat |) with superimposed electric field polarization vectors.
As expected, the fields scattered by a linearly polarized electric dipole are linearly polarized in all spatial directions.
The situation is similar for an isotropic magnetic dipole polarizability α m excited by linearly polarized light. In such a system, the induced magnetic dipolar moment can be expressed as m = α m H inc = H 0 α mŷ , and the scattered fields in the far field can be calculated from:
where Z 0 in the impedance of free space and G m is the magnetic Green's tensor in the far field approximation. Figure 2b presents the far field electric field amplitude (|E MD scat |) with superimposed electric field polarization vectors. In this case, the electric field vectors circulate around theŷ polarized magnetic dipole, but the polarization is also linear in the entire solid sphere.
Nevertheless, this situation changes when considering the scattering coming from a particle with simultaneous isotropic electric and magnetic polarizabilities excited by linearly polarized light. In this case, the scattered fields are a superposition of the fields radiated by both the electric and magnetic dipole:
E ED scat and E MD scat are not necessarily in phase and they are not parallel. Thus, the polarization state in these systems (Figure 2c ) becomes spatially inhomogeneous. Since the scattered fields become generally elliptically polarized, it is logical to think that these kind of systems may sustain polarization singularities.
We will first search for L surfaces. Calculating |N| by substituting Eq.6 into Eq.3, one obtains:
Thus, both thexz plane and theŷz plane are L surfaces (|N| = 0) in the radiation region.
The analytical determination of C lines is more intricate. Deriving the polarization scalar ϕ from Eq.6 yields:
Consequently, light will be circularly polarized if 
.
Since n is a unit vector, a third condition also holds,
Note that none of these equations do depend on r. Thus, for some particular α e and α m , n x , n y and n z are the only unknowns in this set of 3 equations and their solutions specify the directions on which the C lines propagate on the far field. It is interesting to note that geometrically, Eq.9
and Eq.10 describe two hyperbolic functions, and that Eq. 11 describes a unitary sphere. So,
for particular values of the complex electric and magnetic polarizability, the direction of the C lines will be determined by the intersection of these three surfaces. An analytic solution to this equations does exist, but unfortunately, it is too cumbersome to provide any intuitive interpretation.
Nevertheless some interesting conclusions can be extracted under some particular assumptions.
If α e = α m , it can be easily proved that equations 9-11 determine that a single C line exists in the direction of n = −ẑ. Nonetheless, according to Eq.7, theẑ axis belongs to a L surface. So, according to this formalism, light should be both linearly and circularly polarized in the back-scattering trajectory. This is only feasible if no fields are radiated in this direction. This phenomenon is the well known Kerker condition for zero back-scattering, [28] [29] [30] [31] but, to the best of our knowledge, it has never been proved before based on singular optics arguments. For α e = −α m , the second Kerker condition for zero forward-scattering can also be easily derived following the same procedure.
To verify the existence of C lines in a realistic system, we consider the optical response of a 150 nm silicon sphere illuminated by linearly polarized light. Figure 3a shows the geometrically Figure 3b plots the surfaces defined by equations 9, 10 and 11 for λ = 1110nm. Four intersection points can be identified (blue dots).
These points indicate the directions on which C lines generated by the silicon nanoparticle will propagate through the far field.
To verify our analytical predictions, we solve exactly Maxwell's equations using the Boundary Element Method 32-34 for such a system. In particular, we calculate ϕ at a distance 20 µm away from the Si nanoantenna. Figure 3c and Figure 3d plots the phase of ϕ and its absolute value.
It easy to see that, at the predicted positions, |ϕ| presents exact zeros while the phase becomes 
Conclusions
In conclusion, we have analytically and numerically proved that high index nanoparticles support polarization singularities that propagate from the near-field to the far-field. In particular, C lines arise from the interference of the fields scattered by electric and magnetic isotropic dipolar excitations. The study of polarization singularities is a rapidly growing field of research, on one hand due to the intrinsic theoretical interest of the topology of light fields and on the other hand because of the upcoming applications on quantum information systems. This theoretical contribution proves that combinations of electric and magnetic dipoles supported by high index nanoparticles create such topologically protected features and may facilitate new experimental platforms to study polarization singularities.
Methods

Identification and tracking of C lines around optical antennas
In order to identify and track the C lines emerging from an optical antenna, we first calculate the vectorial electric fields on a meshed surface covering the nanoparticle at a short distance form its periphery (E 0 (r)). In particular, to compute the results presented in Fig. 4 , we choose to use the Metallic Nanoparticle Boundary Element Method MATLAB toolbox. 34 Starting from E 0 (r), the polarization scalar can be readily computed as: ϕ 0 (r) = u(r) + iv(r) = E 0 (r) · E 0 (r) = E x (r)E x (r) + E y (r)E y (r) + E z (r)E z (r).
The objective is to find the exact zeros of ϕ on the surface surrounding the nanoparticle. In order to do so, we first find the local minima of |ϕ| on the calculated mesh, and then run a minimization routine (fminsearch.m in Matlab) on |ϕ(r)| using the identified minima as seeds for the minimization routine. After verifying that these minima are actual zeros of ϕ(r), we take them as the starting points of the C lines (r 0 ). The direction of the C line can be calculated though the following expression: 2 d(r 0 ) = 1 2 ∇ϕ * (r 0 ) × ∇ϕ(r 0 ) = ∇u(r 0 ) × ∇v(r 0 )
Having calculated the origin of the C line and its direction, it is easy to calculate the seed of the next point on the C line as 
